In this article, we prove the Hodge conjecture for a desingularization of the moduli space of rank 2, semi-stable, torsion-free sheaves with fixed odd degree determinant over a very general irreducible nodal curve of genus at least 2. We also compute the algebraic Poincaré polynomial of the associated cohomology ring.
Equivalently, a very general nodal curve lies outside countably many, proper closed subsets of the image of the clutching map from M g−1,2 to M g , where M g−1,2 denotes the moduli space of genus g − 1 curves with 2 marked points and M g is the moduli space of stable curves of genus g (see [2, Chapter XII, §10]). Given a torsion-free sheaf E on X 0 , we say that E has determinant L 0 if there is an O X 0 -morphism ∧ 2 (E) → L 0 which is an isomorphism outside the node x 0 . If E is locally free then this means ∧ 2 E ∼ = L 0 . Using [31, Theorem 2] , one can check that there exists a moduli space, denoted U X 0 (2, L 0 ), parametrizing rank 2, semi-stable sheaves on X 0 with determinant L 0 (see also [9] ). However, the moduli space U X 0 (2, L 0 ) is singular. We show: Theorem 1.1. For X 0 a very general, irreducible nodal curve, there exists a desingularization G 0 of U X 0 (2, L 0 ) (in the sense that G 0 is non-singular and there is a proper birational morphism from G 0 to U X 0 (2, L 0 )) such that the Hodge conjecture holds for G 0 . See Theorem 4.2 for a proof.
One obstacle to simply generalizing the techniques used in the smooth curve case is that an analogous description of the cohomology ring of U X 0 (2, L 0 ) is not available. More precisely, Balaji-King-Newstead in [5] and Biswas-Narasimhan in [11] prove that there are Hodge classes α ∈ H 2 (M C (2, L), Z), β ∈ H 4 (M C (2, L), Z) and a surjective morphism
inducing a surjective morphism ν : H * A (Jac(C), Q) ⊗ Q[α, β] → H * A (M C (2, L), Q). Since the Hodge conjecture holds for Jac(C) of a general smooth, projective curve C, they are able to conclude the Hodge conjecture for M C (2, L). Unfortunately such a morphism does not exist if we replace M C (2, L) by U X 0 (2, L 0 ). Moreover, since the Jacobian of a nodal curve is not projective, the statement of the Hodge conjecture does not apply to the Jacobian of X 0 . As a result the classical tools fail in this setup.
A natural candidate for the desingularization of U X 0 (2, L 0 ) comes from the work of Thaddeus [32] and Sun [31] . We first embed the nodal curve X 0 as the central fiber of a regular, flat family of projective curves π : X → ∆ (here ∆ denotes the unit disc), smooth over ∆ * := ∆\{0} (the existence of such a family follows from the completeness of the moduli space of stable curves, see [4, Theorem B.2] ). Note that, the invertible sheaf L 0 on X 0 lifts to a relative invertible sheaf L X over X . By [31] and [32] , there exists a relative Gieseker moduli space with fixed determinant over the family X given by a regular, flat, projective morphism π 2 : G(2, L) → ∆ such that for all s ∈ ∆ * , G(2, L) s := π −1 2 (s) = M Xs (2, L s ). The central fiber π −1 2 (0), denoted G X 0 (2, L 0 ), is a reduced simple normal crossings divisor of G(2, L) with two smooth, irreducible components such that one of them is a desingularization of U X 0 (2, L 0 ). We denote this desingularization by G 0 . Since for all s = 0, G(2, L) s = M Xs (2, L s ) and we already know that the Hodge conjecture holds true for M Xs (2, L s ) by [5] , it is natural to compare the Hodge classes and the algebraic classes on G X 0 (2, L 0 ) using variation of mixed Hodge structures. We prove that the Hodge conjecture holds for both of the smooth components of the central fibre and therefore for a desingularization of U X 0 (2, L 0 ).
As a by-product we obtain the algebraic Poincaré polynomial of G 0 . Recall by [5, (5. 1)], we have for any s ∈ ∆ * , the algebraic Poincaré polynomial of M Xs (2, L s ), denoted
where X s := π −1 (s) and L s := L X | Xs . Analogously, we prove (Theorem 4.2 and Corollary 4.3):
Theorem 1.2. The algebraic Poincaré polynomial for G 0 is given by
We note that this article is part of a series of articles in which we study related but different questions pertaining to the moduli space of stable, rank 2 sheaves on an irreducible nodal curve (see [7, 8, 12, 13] ). The answers to these questions is well-known in the case when the underlying curve is smooth. Therefore we have often employed the theory of limit mixed Hodge structures to study the question for the nodal curve case using analogous results known for the case when the curve is smooth. However, the results in these articles are independent and overlap only in the background material.
Notation:
Given any morphism f : Y → S and a point s ∈ S, we denote by
The open unit disc is denoted by ∆ and ∆ * := ∆\{0} denotes the punctured disc.
The rational cohomology ring of the relative Gieseker moduli space
In this section we recall the basic definitions and results on the relative Gieseker moduli space. We fix the following notations.
Notation 2.1. Let X 0 be an irreducible nodal curve of genus g ≥ 2, with exactly one node, say at x 0 . Denote by π 0 : X 0 → X 0 the normalization map. Since the moduli space of stable curve is complete, there exists a regular, flat family of projective curves π 1 : X → ∆ smooth over ∆ * and central fiber isomorphic to X 0 (see [4, Theorem B.2] ). Fix an invertible sheaf L on X of relative odd degree, say d. Set L 0 := L| X 0 , the restriction of L to the central fiber. Denote by L 0 := π * 0 (L 0 ).
2.1.
Relative Gieseker moduli space. Recall, that a curve X k is semi-stably equivalent to X 0 if it is the union of the normalization X 0 and a chain of rational curves of length k. See [24, Definition-Notation 2] for the precise definition. We will say that a family of curves f : X S → S is semi-stably equivalent to the family π 1 above, if (1) there is a morphism from X S to X inducing a morphism h from S to ∆ such that the resulting diagram is commutative, (2) for any point s mapping to 0 ∈ ∆, the fiber f −1 (s) is semi-stably equivalent to X 0 . For other points s ∈ S, the fiber f −1 (s) is isomorphic to the fiber of π 1 over h −1 (s).
There exists a relative moduli space, called the relative Gieseker moduli space which parametrizes rank 2, determinant L semi-stable sheaves defined over families of curves semi-stably equivalent to the family π 1 . See [31, §3] or [32, §6] for the precise definitions. We denote by G(2, L) the relative Gieseker moduli space. By [31, Theorem 2], there exists a regular, flat, projective morphism π 2 : G(2, L) → ∆ such that for all s ∈ ∆ * , G(2, L) s := π −1 2 (s) = M Xs (2, L s ) (see also [1, §5 and 6] ). Moreover, the central fiber π −1 2 (0), denoted G X 0 (2, L 0 ), is a reduced simple normal crossings divisor of G(2, L) (see [32, §6] ).
Denote by M X 0 (2, L 0 ) the fine moduli space of semi-stable sheaves of rank 2 and with determinant L 0 over X 0 (see [18, Theorem 4.3.7 and 4.6.6] ). For basic definitions and results on semi-stable sheaves with fixed determinants on a smooth curve (see [19] ). By [32, (6. 2)], G X 0 (2, L 0 ) can be written as the union of two irreducible components, say G 0 and G 1 , where G 1 (resp. G 0 ∩ G 1 ) is isomorphic to a P 3 (resp. P 1 × P 1 )-bundle over M X 0 (2, L 0 ). Moreover, there exists an SL 2 -bundle over M X 0 (2, L 0 ), denoted P 0 , and closed subschemes Z ⊂ P 0 , [32, p. 27] ), where SL 2 is the wonderful compactification of SL 2 defined as
(see [28, Definition 3.3 .1] for a general definition of wonderful compactification).
2.2.
Leray-Hirsch cohomology decomposition. We now write the cohomology groups of G 1 and G 0 ∩ G 1 in terms of that of M X 0 (2, L 0 ), using the cohomology computations of the fibers
Notation 2.2. Let ξ 0 be a generator of H 2 (P 1 , Q), pr i the natural projections from P 1 × P 1 to P 1 and ξ i := pr * i (ξ 0 ). Using the Kunneth decomposition, we have
By the Deligne-Blanchard theorem [14] (the Leray spectral sequence degenerates at E 2 for smooth families), we have
Since M X 0 (2, L 0 ) is smooth and simply connected, the local systems R j ρ 1, * Q and R j ρ 2, * Q are trivial. Therefore, for any y ∈ M X 0 (2, L 0 ), the natural morphisms
are surjective. Denote by ξ ′′ ∈ H 2 (P 3 , Z) a generator. By the Leray-Hirsch theorem (see [33, Theorem 7 .33]), we then have:
Using this one can check that:
The following holds true: 
There exists a (relative) universal bundle U over W associated to the (relative) moduli space G(2, L) ∆ * , i.e. U is a vector bundle over W such that for each t ∈ ∆ * , U | Wt is the universal bundle over X t ×M Xt (2, L t ) associated to fine moduli space M Xt (2, L t ) (use [26, Theorem 9.1.1]). Let H 4 W := R 4 π 3 * Z W be the local system associated to W. By Künneth decomposition, we have
Using Poincaré duality applied to the local system H 1 X ∆ * , we have
By [22, Lemma 1 and Proposition 1], we conclude that the homomorphism Φ ∆ * is an isomorphism such that the induced isomorphism on the associated vector bundles:
is monodromy invariant i.e., for all s ∈ ∆ * , the following diagram is commutative:
where T Xs and T G(2,L)s are the monodromy transformations on H 1 (X s , Z) and H 3 (G(2, L) s , Z), respectively. See [7, §4] for further details on the relative Mumford-Newstead isomorphism and [13, §3] for an application of the relative Mumford-Newstead isomorphism to computing the monodromy of the rational cohomology ring of the relative Gieseker moduli space.
Limit mixed Hodge structure of the relative Gieseker moduli space
In this section we briefly recall some preliminary definitions and results from limit mixed Hodge structures and apply this to the relative Gieseker moduli space. Since limit mixed Hodge structures are used just as a tool, we only state definitions and results (without proof) relevant to our setup. For a detailed treatment of the subject see [27] .
3.1. Preliminaries. Let ρ : Y → ∆ be a flat family of projective varieties, smooth over ∆ * , ρ ′ : Y ∆ * → ∆ * the restriction of ρ to ∆ * . We recall how a general fiber of Y can be equipped with a limit mixed Hodge structure. Definition 3.1. By Ehresmann's theorem (see [33, Theorem 9.3] ), for all i ≥ 0, H i Y ∆ * := R i ρ ′ * Z is a local system over ∆ * with fiber H i (Y t , Z), for t ∈ ∆ * . One can associate to these local systems, the holomorphic vector bundles H i
where F p denotes the Hodge filtration (see [33, §10.2.1] ).
In order to define a mixed Hodge structure on the family ρ : Y → ∆, the Hodge bundles and their holomorphic sub-bundles need to be extended to the entire disc. By [27, Definition 11.4] there exists a canonical extension H 
As a consequence, there exist Hodge filtrations on H i (Y ∞ , C) defined by
Finally, to define a weight filtration on H i (Y ∞ , Z), we use the local monodromy transformations. 
We can now define a mixed Hodge structure on H i (Y ∞ , Z). Q) is an isomorphism for all l ≥ 0. By [29, Theorem 6.16 ] the induced filtrations on H i (Y ∞ , C) define a mixed Hodge structure (H i (Y ∞ , Z), W • , F • ), called the limit mixed Hodge structure on H i (Y ∞ , Z).
Remark 3.5. The main purpose for using the limit mixed Hodge structure on H i (Y ∞ , Z) is that under this mixed Hodge structure, the specialization morphism
is a morphism of mixed Hodge structures.
We recall the following useful result which we use repeatedly. Corollary 3.6. Suppose that the central fiber Y 0 is a simple, normal crossings divisor and an union of two smooth, irreducible components, say Y 1 , Y 2 . Then, we have the following exact sequence of mixed Hodge structures:
where f i is the natural morphism induced by the Gysin morphism from 
In the next section we use this sequence to compare Hodge and algebraic classes of G X 0 (2, L 0 ) and G(2, L) ∞ .
Hodge conjecture and algebraic Poincaré formula
Notations as in §2. In this section we define the algebraic classes on G X 0 (2, L 0 ) and show that they coincide with the Hodge classes. We prove the Hodge conjecture for both of the irreducible components of G X 0 (2, L 0 ): G 0 and G 1 . We conclude by computing the algebraic Poincaré polynomial of G 0 . 
commuting with the cup-product (cup-product commutes with pull-back by continuous maps)
4.2.
Recall of the smooth curve case. We now recall the proof of the Hodge conjecture for the moduli space of rank 2 vector bundles with fixed determinant on a very general, smooth, projective curve. Although most of the following can be easily deduced from the proof in [5] , it is not explicitly written. Therefore, we give a brief sketch for the sake of completion.
By [22, Proposition 1] , there exists an isomorphism of pure Hodge structures:
The isomorphisms Φ and Φ s (as in (2.5)) naturally induce isomorphisms (see [5, (1.1)]):
By the discussion in §4.1 we know that since H 2 (M X 0 (2, L 0 ), Z) (resp. H 2 (M Xs (2, L s ), Z)) is generated by α (resp. α s ), it must be a Hodge class. Similarly, as H 4 (M X 0 (2, L 0 ), Z) (resp. H 4 (M Xs (2, L s ), Z)) is generated by α 2 and β (resp. α 2 s and β s ) and α 2 (resp. α 2 s ) is a Hodge class, it follows using Hodge decomposition that β (resp. β s ) is a Hodge class. Therefore, the natural morphisms
induced by Φ ′ and Φ ′ s respectively, are surjective for all s ∈ ∆ * and induce surjective morphisms on the restrictions ν Hdg : Q) ) for any smooth, projective variety Y (use [33, §7.2.2] for a description of the Hodge structure on H * (Jac( X 0 ), Z) and H * (Jac(X s ), Z)). Suppose from now that X 0 and X s are very general. Then, [5, Theorem 2] implies that the morphisms ν and ν s induce surjective morphisms
Using [10, Theorem 17.5.1], we can assume that H * Hdg (Jac( X 0 ), Q) and H * Hdg (Jac(X s ), Q) are generated by the theta divisor θ 0 and θ s , respectively. Hence, H * Hdg (Jac( X 0 ), Q) = H * A (Jac( X 0 ), Q) and H * Hdg (Jac(X s ), Q) = H * A (Jac(X s ), Q). Comparing the morphism ν Hdg with ν ′ (resp, ν s,Hdg with ν ′ s ) we conclude,
For the rest of §4, we assume that X 0 is a very general, irreducible nodal curve. Note that, by the genericity of X 0 , we can choose the family of curves π 1 as in Notation 2.1 such that for a very general s ∈ ∆ * , we have H * Hdg (M Xs (2, L s ), Q) = H * A (M Xs (2, L s ), Q). We fix such a family π 1 , for the rest of the section.
4.3.
Algebraic cohomology groups. Let j 0 : G 0 ֒→ G X 0 (2, L 0 ) and j 1 : G 1 ֒→ G X 0 (2, L 0 ) be the natural inclusions. Define the algebraic cohomology groups on G X 0 (2, L 0 ) and G(2, L) ∞ as:
such that for a very general s ∈ ∆ * and the natural isomorphism φ 2i
We now see that the restriction of the specialization morphism to algebraic classes is surjective.
For any i ≥ 0, the algebraic cohomology group H 2i A (G X 0 (2, L 0 ), Q) sits in the following exact sequence:
Proof. To obtain sequence 4.3, we first show that the restriction of the specialization morphism sp 2i to H 2i 
. This proves our claim.
Next we see that the cokernel of the specialization morphism is trivial when restricted to algebraic classes. Note that since H 2 (M Xs (2, L s ), Q) ∼ = Q, Definition 3.4 implies that α s is T G(2,L)sinvariant. Similarly, we conclude that β s is T G(2,L)s -invariant. Let π 3 : J 1 X ∆ * → ∆ * be a family of Jacobians of curves associated to the family of curves π 1 i.e., for all t ∈ ∆ * , π −1 3 (t) = Jac(X t ). It is well-known that the theta divisor θ s remains a theta divisor of Jac(X s ) as X s deforms along ∆ * . This implies θ s is monodromy invariant. Hence, H * A (Jac(X s ), Q) is monodromy invariant for s ∈ ∆ * very general. Using the commutative diagram (2.6) and the morphism ν ′ s , we conclude that H * A (M Xs (2, L s ), Q) is T G(2,L)s -invariant for s ∈ ∆ * very general. Using (3.3) and the local invariant cycle theorem [27, Theorem 11.43 ], note that Gr W 2i+1 H 2i (G(2, L) ∞ , Q) consists of elements of H 2i (G(2, L) ∞ , Q) which are not fixed by T G(2,L)s (after using the identification φ 2i s as in (4.1)). Hence, Im(H 2i Q) is surjective and the irreducible components G 0 and G 1 satisfy the Hodge conjecture.
In particular, the Hodge conjecture holds for a desingularization of U X 0 (2, L 0 ).
Proof. Since Gr
is pure of weight 2i + 1 and the morphisms in (3.4) are morphisms of mixed Hodge structures and , we have:
Combining this with sequence (4.3) we have the following diagram:
To show that the middle arrow in the above diagram is an isomorphism, it suffices to prove that the first and third arrows are isomorphisms. Note that the third arrow is an isomorphism by the Hodge conjecture for the moduli space of vector bundles of rank 2 and determinant L discussed in §4.2.
component G 0 mapping surjectively to U X0 (2, L 0 ) (use [31, Theorem 3.7] and [32, §6] ). In fact, the restriction of θ to G 0 is a birational morphism. Since G 0 is non-singular, it is a desingularization of U X0 (2, L 0 ). This proves the theorem.
As an easy consequence we can compute the algebraic Poincaré polynomial of G 0 . Corollary 4.3. The algebraic Poincaré polynomial P A (G 0 ), for G 0 is given by
Proof. Using the decompositions (2.1) and (2.2), we can observe that Q) . By Theorem 4.2, the restriction morphism j * 0 : H i (G X 0 (2, L 0 ), Q) → H i (G 0 , Q) is surjective. Combining this with the Mayer-Vietoris sequence, we have that the restriction morphism Q) . Using the decompositions (2.1) and (2.2), we observe that the kernel of j * 0 is isomorphic to H 2i−6
A (M X 0 (2, L 0 )) i.e., we have the following short exact sequence:
). By [5, (5.1)], P A (M X 0 (2, L 0 )) = H(g − 1, t) and P A (M Xs (2, L s )) = H(g, t) for s ∈ ∆ * very general.
By definition, P A (G(2, L) ∞ ) = P A (M Xs (2, L s )) for very general s ∈ ∆ * . Using the identification (2.1), we have P A (G 0 ∩ G 1 ) = H(g − 1, t)(1 + 2t 2 + t 4 ). The exact sequence (4.3) then implies P A (G X 0 (2, L 0 )) = P A (G 0 ∩ G 1 )t 2 + P A (G(2, L) ∞ ) − P A (M X 0 (2, L 0 ))t 4 .
(4.10)
which equals H(g − 1, t)(t 2 + t 4 + t 6 ) + H(g, t). Finally, using the short exact sequence (4.9), we conclude that P A (G 0 ) = P A (G X 0 (2, L 0 )) − P A (M X 0 (2, L 0 ))t 6 = H(g − 1, t)(t 2 + t 4 ) + H(g, t).
Substituting for H(g, t) one immediately gets the corollary.
